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cubic point groups 23 and m3. An example of such 
insensitivity is illustrated in Fig. 4 by the statistics for 
the trigonal P312. 

It should also be pointed out that within some 
non-symmorphic space groups the exact p.d.f.'s may 
differ widely, depending on the parity of the reflection 
indices. The statistics for two out of the four different 
reflection subsets for the space group P6~ are dis- 
played in Fig. 5. 

A remark about the statistics of the cubic space 
groups nos. 207-230, including the various subsets, 
is in order. Exact p.d.f.'s were not formulated in a 
final form for these space groups since the expressions 
appeared rather unwieldy and indicated excessive 
computing effort that might be called for in their 
evaluation. Moreover, comparisons of histograms of 
IEI for a CI4U asymmetric unit with the appropriate 
ideal p.d.f.'s showed that they (the histograms) are 
either insensitive to atomic heterogeneity or display 
a weak tendency to hypersymmetry. It might perhaps 
be interesting to examine the feasibility of construct- 
ing, in such instances, reliable approximate p.d.f.'s 
by the Gram-Char l ier  correction-factor approach 
(e.g. Shmueli & Wilson, 1981; Shmueli, 1982) since 
the departures from ideal behaviour are here rather 
small. 

This research was supported in part by grant no. 
88-00210 from the United States-Israel Binational 
Science Foundation (BSF), Jerusalem, Israel. All the 
computations related to this paper were carried out 
at the Tel Aviv University Computation Center on a 
Cyber 180-990 computer. 
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Abstract 

Results of a statistical study of probabilistic estimates 
of two-phase structure invariants (TPSI) for Friedel 
pairs in the case of single-wavelength anomalous 
scattering are reported. Numerical analysis of the 
TPSI sign, magnitude and error distributions shows 
that the concise formula for TPSI by probability 

0108-7673/91/040340-06503.00 

theory [Hauptman (1982). Acta Cryst. A38, 632-641; 
Giacovazzo (1983). Acta Cryst. A39, 585-592] has 
desirable statistical properties. Computational results 
for the known structures of cocaine methiodide (N- 
methylcocaine iodide) and of cytochrome c550 and its 
PtCI4 z- derivative show that when IEI values are large 
most of the signs of the TPSI are correctly deter- 
mined - for IEI> 1.0, 90% or more of the TPSI signs 
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are positive as predicted - and the errors in the esti- 
mated TPSI magnitudes do not exceed - 1 0 %  for 
I E > 1.0 in the small-molecule case or - 5 0 %  for 

> 1"5 in the macromolecular case. These results 
suggest that the theory will be useful for estimating 
the TPSI for unknown structures. 

i .  Introduction 

It is well known that the presence of anomalous 
scatterers in a macromolecular crystal structure facili- 
tates structure determination. In part I of the present 
series of papers, Hauptman (1982) integrated 
anomalous-dispersion effects into the neighborhood 
concept and obtained a formula for probabilistic esti- 
mates of the Friedel-pair two-phase structure 
invariants (TPSI). Giacovazzo (1983) and Cascarano 
& Giacovazzo (1984) later obtained a similar result 
and suggested its practical application. The theory 
has not yet, however, been used in numerical compu- 
tations to assess the accuracy of its estimates for the 
TPSI sign, magnitude and error distributions. 

The TPSI relationship js shown geometrically in 
Fig. 1, where the phase angle of the TPSI is qJ2, which 
is determined by the two normalized structure factors 
EH and E-H. It is not necessary to distinguish for- 
mally the heavy-atom substructure, presumed to be 
known, from the light-atom substructure, presumed 
to be unknown. We therefore consider all atoms to 
be anomalous scatterers and employ the concise for- 
mulae developed by Hauptman (1982). 

The probabilistic estimate of the TPSI for one 
crystal with anomalous scatterers at one wavelength 
as obtained by Hauptman (1982) is 

~02 = ~pH+ ¢~-H = --~. (1.1) 

The quantity ~c is calculated by means of 

tan ~ = -SH/CH. (1.2) 

) ,  

X 

Fig. 1. Geometrical relationships among the components of a 
Friedel pair of normalized structure factors. 

N 

c .  = (1/~.)  E 
. j ~  I 

N 

S,_, = (1/cq,) 2 
i = 1 

Ifn[ 2 cos 26), ,  (1.3) 

I£nl z sin 26jH, (1.4) 

N 

~. - -  E IfJ.L (1.5) 
j = l  

where N is the number of atoms in the unit cell and 
the atomic scattering factor, 

is expressed as 

H t c O  A.- f t • tt 
= J . j  H - -  J j -~- i f )  , 

f j .  = 1£.1 exp (i6jH) (1.6) 

I£.1 = [(f°r, +f~)2 + (f7)2],/2 

with 

and 

vv o 
15in = tan- '  [ f j / ( f i n  + f j ) ] .  

The TPSI estimate (1.1) is good provided that the 
variance of the distribution [see (4.1) below] is small. 

In paper I, Hauptman (1982) pointed out that for 
a given chemical composition ~ depends only on IHI 
[or (sin 0)/A] and is independent of the magnitudes 
IE.I and I E - I  of the Friedel pair. This implies that 
the TPSI ~02 depends much more strongly on the 
chemical composition of the crystal than on its struc- 
ture. Fortier, Fraser & Moore (1986) noted "This result 
is unexpected since the ability to estimate uniquely 
the value of q'2 is in fact equivalent to the resolution 
of the phase ambiguity from the magnitudes I EHI and 
IE-.I alone'. 

The problem seems to be that the probabilistic 
estimates of ~02 by (1.1) are positive, but in practice 
some qJ2 may be negative. Recent results on the sign 
distribution of the TPSI (Guo, 1990) show that there 
is a strong tendency towards positive sign when the 
I EI magnitudes are large. It is, therefore, very 
worthwhile to investigate the statistical properties of 
the probabilistic estimates of the TPSI by numerical 
computation for some typical cases. 

The probabilistic selection of positive sign for the 
TPSI is analogous to the standard practice of breaking 
the twofold ambiguity of anomalous-dispersion phas- 
ing by selecting phase angles closest to the phase 
angles of a known substructure of the strong 
anomalous scatterers, since they are usually also the 
heavy atoms in the structure (Srinivasan & 
Parthasarathy, 1976, and references cited therein). 
The important difference is that the probabilistic esti- 
mates of the TPSI can be obtained without prior 
knowledge of the heavy-atom substructure. 
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Table  I. Statistical averages and probabilistic estimates for  cocaine methiodide 

4"2 > 0 <4'2> <-¢> <~>/<4'2> 
A [E[m,, Np (%) (°) (°) (%) <4'2>/<-4:> 

0.1 1976 96-7 53.03 53.28 33"9 0.995 
Cr  K a  1 "2 454 100.0 52.07 53-19 14-0 0.979 

I-5 185 100.0 49.91 52.38 11.9 0-953 

0. i 1966 98-0 25-56 25-04 29.7 1 '021 
Cu Ka 1-2 464 100.0 24.57 24-99 12.7 0'983 

I '5 194 100-0 23.82 24-87 10"9 0"958 

0- I 1968 97"7 6"92 6 '76 29.5 1-025 
Mo Ka 1 "2 466 100-0 6"61 6.74 13-1 0"980 

1-5 199 100"0 6-42 6-71 11.3 0.957 

Table  2. Statistical averages and probabilistic estimates for  the PtCI24 - derivative and the native protein 
cytochrome C55o 

4'2 > 0 (4'2) <-~:> <e>/<4'2> 
Crystal a IEIm~,, Np (%) (°) (°) (%) (4'z)/(-~) 

0.3 10 000 80.2 6.50 5.92 > 100 1.10 
PtCI~- Cr Ka 1.2 2403 91.0 6-09 5.79 53 1.05 

1 '5 1044 93-0 5-78 5'65 46 1 '02 
0"3 10 000 79. I 3"71 3"38 > 100 I' 10 

PICI42- Cu Kct I "2 2394 90-5 3-49 3-30 57 1-06 
1-5 1046 92"8 3"29 3.22 49 l '02 
0"3 l0 000 81-1 1-81 1-70 99 1 '06 

Native Cr Ka 1.2 2377 92.6 1-71 1.66 52 1.03 
1.5 979 95.5 1.67 1-61 43 1.04 
0.3 l0 000 68.8 1.26 I- 15 > 100 1. l0 

Native Cu Ka 1-2 2382 77.6 1.15 I. 12 > 100 1.03 
1.5 980 80.2 1-09 1.08 86 1.01 

2. Statistical properties 

K n o w n  s t ruc tures  o f  sma l l -molecu le  a n d  macro -  
molecu la r  crystals  were  used  to ca lcula te  no rma l i zed  
s t ruc tu re - fac to r  m a g n i t u d e s  I E ,  I and  I E - . I ,  phase 
angles  ~on and  ~o_. a n d  the t rue values  of  ~2 = 
~o. + ~o_n. The  probabi l i s t ic  es t imates  -~: were  calcu-  
la ted f rom (1.2) to (1.6). A t o m i c  scat ter ing factors  
were  t aken  f rom C r o m e r  & W a b e r  (1974) a n d  C r o m e r  
(1974). All ca lcu la t ions  were  done  on a V A X  8600 
c o m p u t e r  in doub le  prec is ion  (abou t  15 s ignif icant  
digits).  Several  test ca lcu la t ions  were r epea t ed  in 
single prec is ion  and  they  s h o w e d  that  doub le  pre- 
cision was not  a necessa ry  ref inement .  

2.1. A small-molecule example 

A sui table  e x a m p l e  is coca ine  me th iod ide ,  
CI8H24NO4. I - ,  which  crystal l izes in P2 ,2 .2 t  with Z -- 
4 (Shen,  Ruble  & Hite,  1975). The c o m p u t a t i o n s  were  
done  for  N p = 2 0 0 0  Fr iedel  pairs  with [ E [ > 0 . 1  at 
wave leng ths  o f  Cr  K a ,  Cu  K a  and  Mo Ka. The 
values  ( ~ 2 ) =  (~0 .+  ~o-n), ( - ~ )  a n d  (e) ave r aged  over  
the Np d a t a  pairs  are listed in Table  1. The  quan t i ty  
(e> is def ined to be the ave rage  abso lu te  error ,  

Np 

<~>=(1/N~) E 1¢,~,+~,1. (2.~) 
i = 1  

The relat ive e r ror  (e>/(~b2> is given as a pe rcen tage ,  
and  the table  co lumn  h e a d e d  qJ2 > 0 gives the percen-  
tage of  02 with posi t ive sign. 

Table  1 shows  three  things:  First,  a l t hough  the 
es t imate  - ~  might  not  be accura te  for  some pa r t i cu la r  
Friedel  pair ,  it is s tat is t ical ly very accura te  for  a 
sufficiently large sample  o f  Friedel  pairs.  This is 
shown by the close a g r e e m e n t  be tween  the average  
es t imates  (-~:)  a n d  the t rue  averages  (~'2). Second ,  as 
shown  by the pe rcen tage  o f  t/,2 with posi t ive sign, the 
TPSI  do t end  s t rongly  to be posi t ive and  this t endency  
is s t ronger  the la rger  the IEI values. Indeed, for IEI > 1 
near ly  all the ~'2 are posit ive.  Thi rd ,  the la rger  the ]E I 
values ,  the more  rel iable the es t imates  (-~:). The  rela- 
tive errors  (e)/(~,2) b e c o m e  very small  for  [E I > 1. 

2.2. A macromolecular example 

The pro te in  c y t o c h r o m e  C55o, C637FeN17oO2oS6 (H 
a toms  not  inc luded  in the ca lcu la t ion  of  the I EI magni -  
tudes) ,  crystal l izes in space  § roup  P2 .2 ,2 t  with Z = 4 
and  gives a single-site PtCl4-  der ivat ive  (T imkov ich  
& Dickerson ,  1973, 1976). Table  2 summar i ze s  results 
of  ca lcu la t ions ,  a n a l o g o u s  to those descr ibed  in the 
p reced ing  sect ion,  p e r f o r m e d  for  the nat ive and  
der ivat ive  pro te ins  for  Np = 10 000 Friedel  pairs  with 
I E I > 0 . 3  at Cr  Ka and  Cu K a  wavelengths .  (The 
wave leng th  o f  Mo Kot is imprac t ica l ly  shor t  for  
m a c r o m o l e c u l a r  crystals .)  
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The same three statistical principles evidenced in 
Table 1 are supported by Table 2: For a statistically 
large sample of Friedel pairs, the true average (t)2) is 
close to the estimate ( -~) ;  there is a strong tendency 
to the positive sign; and the reliability of the estimated 
TPSI increases with increasing IE[. Not surprisingly, 
owing to the large number of light atoms in the protein 
structures and the consequent relative weakness of 
the anomalous scattering intensities, the relative 
errors (e)/<O=) are substantially larger for the 
macromolecule than for the small-molecule calcula- 
tions. Table 2 also indicates the effects of choice of 
wavelength and heavy-atom derivative: the average 
relative errors are smaller for the Cr wavelength and 
the PtCI]-derivat ive.  

~ o " 0.'. o f  TPS I  wn~cn  a l ' ~  Dos t t lwz  

i ! X \ 
5 O  ~ 

J \ .  

, (£ )  

0 Q5 1.0 1.5 2DIEI 
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I 

i t 

1004 ~ 1 ~ -  ----,-o : 
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Fig. 2. Sign and error distributions for Friedel-pair two-phase 
structure invariants for cocaine methiodide for (a) Cr Km (b) 
Cu Ka and (c) Mo Ka radiations• The abscissa is the geometric 
mean magnitude ]El= (IE.IIE .I) ''= 

3. Empirical distributions of TPS! signs, magnitudes 
and errors 

The results very briefly summarized in Tables 1 and 
2 are shown in more detail in Figs. 2 to 6, which show 
that the error distribution is quite symmetrical and 
the average signed error, 

Np 

(-q)=(1/Np) E (02,+~,),  (3.1) 
i = 1  

is always close to zero. 
Fig. 2 shows that, for the small-molecule case, the 

near certainty of the positive sign for the TPSI and 
minimal error in the estimated values of the TPSI 
hold very well when IE[ > 1 and reaso.nably well even 
down to IE]>0 .5 ,  independently of wavelength in 
the Cr Ka to Mo Ka range. 

For Figs. 3 and 4 the data were ranked on the true 
value 02 = ~,,+ q~-, and then averages (qJ2), ( -~)  and 
(e) were computed for ranked groups of 100 Friedel 
pairs. For the data with [E l>0 .1 ,  the averages (qJ2) 
vs (-~) follow an ideal diagonal distribution quite 
closely, well within the error limits ±(e) (Fig. 3). The 
diagonal trend is almost perfect for IE] > 1-2 (Fig. 4). 

For a macromolecule, stronger intensity data are 
required for positive TPSI sign and minimal error for 
the TPSI estimates. Fig. 5(a) indicates that for the 
cytochrome c55o PtCI]- derivative the number of sign 
errors and the size of the TPSI errors begin to increase 
substantially for lEt < 1.5, but Figs. 5(b) and (c) show 
that for the Np = 2400 Friedel pairs with ]El>  1.2 the 
diagonal distribution holds very well. Fig. 6 shows 
that for the native cytochrome C55o, the Cr Ka data 
are better behaved than the Cu Ka data, because of 
the significantly stronger anomalous scattering at the 
Cr wavelength. 

4. Error analysis from the TPSI probability 
distribution 

Following Hauptman (1982), the variance of the  TPSI 
estimate is 

kO'2 m t 

var (qs2) = ]" (T2-q~2,.)2P(~21lE.l, lE_,,i)dqs2, 
t lz2 . r  -- ~ 

(4.1) 

where qt2 = ~2,,, at the maximum of the conditional 
probability distribution of the TPSI q~n+ ~¢-n given 
the two magnitudes IE.[ and ]E-.I .  The conditional 
probability density is 

P(~P21IEH],IE_HI)=(1/K)exp[C cos (qt2 + ~)], 

(4.2) 

where 

K = 2"n-lo(C), (4.3) 

C--2lE.llE_.lX/(1-X ~) (4.4) 
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Fig. 3. Ranked group-averaged true 4J2 = ¢ . +  ~0_. vs estimated -~  for cocaine methiodide Friedel pairs with IEI > 0-1 for (a) Cr Ka,  
(b) Cu K a  and (c) Mo K a  radiations. The error bars bracket ±(e).  
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Fig. 4. As Fig. 3 but with IEI> 1.2. 
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Fig. 5. (a) Sign and error distributions for cytochrome C55o PtCI~- 
Friedel-pair two-phase structure invariants with I EI = 
(IE.I [E-HI)'/2 > 0"3 for Cr Ka.  (b)  Ranked group-averaged true 
¢2 = ¢~H+¢_H vs estimated -~: for cytochrome css o PtCI~- 
Friedel pairs with IEI > 1"2 for Cr K a  radiation. (c) Same as (b) 
for Cu Kcr radiation. 
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Fig. 6. (a) Sign distributions against IEI = (IE.I iE-HI) '/2 for native 
cytochrome C55o Friedel-pair two-phase structure invariants for 
Cr K a  and Cu K a  radiations. (b) Ranked group-averaged true 
¢2 = ~ . +  ~ - a  vs estimated -~: for native c55 o Friedel pairs with 
IEI>1.2 for C r K a  radiation. (c) Same as (b) for Cu K a  
radiation. 
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and, using (1.3) to (1.6), 

X=(C~+S~)  '/2. (4.5) 

The standard deviation is 

or(qr2) = [var( ~2)] I/2 (4.6) 

and to calculate the integral in (4.1) and obtain or(qt2) 
a very simple approximation is possible. 

Assume that the conditional probability density 
(4.2), which has its maximum value P,, at qt2,,, can 
be fairly approximated by a rectangular distribution 
with width 2D. Then from (4.2), 

P , , = ( 1 / g ) e x p C ,  (4.7) 

and, using the normalization condition 2DP,, = 1, 
(4.1) gives 

var(~2)  = D 2 / 3 = ( 1 / 3 ) [ r r l o ( C ) e x p ( - C ) ]  2 (4.8) 

and 

o ' (q t2 )=(1 /3) ' /27r lo (C)exp( -C) .  (4.9) 

Fig. 7 shows or(qt2) plotted against C. 
The approximate formula (4.9) helps explain the 

numerical results in Figs. 2, 5(a) and 6(a), which 
show that the relative error in the TPSI estimates 
decrease with increasing geometric mean magnitude 
IEI=(IE.IIE_.I) '/2. Equation (4.5) shows that the 
variable C is proportional to IEI 2 and (4.9) shows 

20 40 50 80 100 C 

Fig. 7. Plot of or(1/'¢2) US C. See equations (4.9), (4.4), (4.5) and 
(1.3) to (1.6). 

that or(g%) falls off exponentially with increasing C, 
which approximately parallels the IE[ dependence of 
the numerical error estimates. 

5. Concluding remarks 

The probabilistic estimates of the TPSI from Haupt- 
man's (1982) formula are confirmed by applications 
to real structures using error-flee data. Further prac- 
tical analysis of the TPSI must naturally involve the 
individual TPSI estimates. A preliminary investiga- 
tion about individual TPSI (Guo & Hauptman, 1989) 
shows that further work is worthwhile. 

We are grateful for the support of this work by 
USA NSF grant no. CHE-8508724, USDHHS PHS 
NIH grants nos. GM34073 and DK19856 and by the 
Chinese NSF. 
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